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Abstract
In the design of wire-based networks, the implementation of infrastructure is a major cost component.
One way to obtain cost savings is to coordinate trenching activities of different network operators, e.g.,
telecommunication providers may join forces with local communities when digging roads or pavements.
In this work, the Multi-Commodity Cable Trench Problem (MC-CTP) is introduced that aims at detecting
cost minimizing network structures including the option to reduce trenching costs by a joint realization for
different cable types. A mixed-integer linear programming model is proposed and strengthened through
the development of valid inequalities. Moreover, complexity and solution properties, like the existence of
rings are discussed. The numerical study includes two parts. First, the effect of the valid inequalities on
the LP-relaxation is studied experimentally. Second, the impact of the trenching cost reduction on the
degree of joint activities and on total costs is investigated.
Keywords: Cable Trench Problem, Multi-Commodity, Telecommunication Networks, Spanning Tree.
1 Introduction
In the design of wire-based networks, like telecommunication fiber or electricity networks, the infras-
tructure is an expensive component. In particular, trenching costs are typically very high and, if cables
are laid in outside areas, go along with disturbing urban infrastructure if, e.g., pavements or roads need
to be dug up. Thus, an important aspect for network operators is to reduce trenching actions if possible.
One attempt towards this goal is to coordinate trenching activities of different network providers. As
an example, telecommunication network providers may join forces with local communities that need
to install gas or electricity networks. Following this idea, Tahon et al. (2011) present a cost allocation
model for trenching expenses if trenching is carried out jointly by different companies. They study the
potential benefits obtained by a collaboration of gas and electricity network operators, represented by
local communities and fiber networks operators, i.e., telecommunication companies. It is illustrated that
additional costs for building larger trenches are shared among more actors and therefore an overall cost
improvement is reached. A cost saving of about 50% per actor regarding the trenching costs is reported
and thus the need for cooperation among different commodities is emphasized.
For the telecommunication industry, this option of cost reduction in network rollout is of particular interest.
An important ongoing project that shall offer high bandwidth for all customers is Fiber to the Home
(FTTH) that aims at supplying all households with a direct optical fiber connection. However, the rollout
of FTTH networks currently proceeds slowly due to the high investment costs for connecting homes. As
an example, in Germany, only 4.4% of all households had an FTTH connection in 2013 (TÜV Rheinland
Consulting GmbH, 2014). The coordination of civil engineering works with the rollout of the FTTH
by joining trenches and installing fiber together with energy or gas pipes is one way to speed up the
dissemination of the network. Along the same line, within the Digital Agenda 2014 – 2017, German
federal ministries currently promote this approach (BMWi, BMI, BMVI, 2014).
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Motivated by the positive arguments for a joint design for multi-commodity networks, in this paper
the Multi-Commodity Cable Trench Problem (MC-CTP) is introduced. The objective is to exploit the
benefits that can be obtained by cooperation of different actors using common trenches. To that end, it
is assumed that the actors agree to realize a joint solution, focusing on a minimization of the total costs.
That is, private interests of actors that might be in conflict with a centralized approach are neglected
for this purpose. An extension towards selfish actors is outlined in the Conclusion, see Section 6. The
MC-CTP extends the the Cable Trench Problem (CTP) (Vasko et al., 2002) which finds applications in
telecommunication network design. When connecting a set of demand points to a central source node
by a wire-based network, two basic cost drivers can be identified, namely costs for installing cable, and,
second, costs for installing trenches. As in a single trench more than one cable can be installed, the total
distance set up by cable can be longer than the distance covered by trenches. A joint analyses of both cost
types allows to benefit from trench sharing and is realized by the CTP for the case of having a single cable
type. Assume that only cable expenses are considered, then shortest paths are chosen for installing cables
between the demand nodes and the source node. However, if also trenching costs play a role, optimal
routes may deviate from the shortest paths in order to share trenches with other cables. On the other hand,
if only trenching costs are of impact, a Minimum Spanning Tree (MST) solution solves the problem of
finding an optimal trench structure. By considering both aspects, the cable material costs as well as the
trenching, the CTP combines the problem of detecting MST and the problem of computing Shortest Path
Trees (SPT) within a generalized approach. An extension towards the inclusion of different cable types
together with cable-type dependent cost parameters is enabled by the subsequently introduced MC-CTP.
This approach includes the option to reduce trenching costs when activities are coordinated. Moreover, it
allows to define node profiles that indicate which cable type is required by which node.
The CTP has first been proposed by Vasko et al. (2002). The authors provide a linear programming model
and consider solution properties for varying cost parameters. Moreover, they prove NP-hardness of the
CTP and suggest a heuristic that is based on a one-opt neighborhood search. The heuristic is evaluated
numerically using instances with up to 20 nodes and up to 36 edges. Later, in two publications, Jeng
et al. (2006, 2007) apply DNA computing, based on biochemical computer technology, to solve the CTP.
They illustrate the feasibility of their approach using a small instance with six nodes and eight edges. The
practical relevance of the CTP for the telecommunication industry is illustrated by Nielsen et al. (2008).
Their large-scale experiments are based on sample data including ≈ 440.000 households and 253 former
telephony central offices for particular regions of Denmark. Cost reductions compared to the SPT as well
as compared to the MST solutions are proved. Finally, an extension of the CTP has been provided by
Marianov et al. (2012) by introducing a p-facility approach. A mathematical model as well as heuristics
based on Lagrangian relaxation are provided. Furthermore, experiments on the heuristic approach are
presented for instances with up to 300 nodes. Although the proposed mathematical model relies on a
multi-commodity technique to model the p facilities, the p-CTP does not enable different cable types.
Applications for the CTP and the MC-CTP are not limited to the telecommunication sector. For instance,
in transportation, similar problems appear. Marianov et al. (2012) propose application to connecting forest
clearance areas to sawmills by roads. This problem includes the cost of transporting the timber to the
sawmill as well as the cost of building the roads. The joint analysis leads to a CTP-formulation. A related
question appears in the design of rail networks, where the cost for building tracks has to be included as
well as the operating expenses for the lines that will use the tracks. As several lines use tracks jointly, a
similar problem as considered in the MC-CTP arises. Moreover, as the length of a line directly affects the
travel time of the passengers, monetary expenses are compared with time expenditure. Thus, with regard
to future work, this application motivates to treat the MC-CTP as a multi-criteria approach, as outlined in
Section 6. Even if the MC-CTP can be applied to a variety of problems addressing pipes, tracks, lines,
etc., we refer in the sequel to cables and trenches to keep the terminology consistent.
The remainder of the article is given as following. A mathematical model for the MC-CTP is provided
together with all necessary notation in Section 2. Properties of the MC-CTP are studied in Section 3,
including a discussion of the problem complexity and solution structure. The mathematical formulation is
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enhanced in Section 4 by introducing valid inequalities. Computational experiments prove in Section 5 the
quality of the valid inequalities and give insight to the cost structures and the degree of sharing trenches in
optimal solutions. Finally, the article closes with a conclusion in Section 6.
2 Mathematical Model
Before a mathematical model for the MC-CTP is detailed, necessary notations are provided next. Let
G = (V,E) be a connected graph with nodes i ∈ V , directed edges (i, j) ∈ E and positive edge lengths
di j > 0 for all (i, j) ∈ E. There are no self-loops in G, i.e., for all i ∈V it holds that (i, i) /∈ E. There is a
unique source node i = 1, and the graph G needs not necessarily to be complete. However, if a trench
can be prepared on (i, j), then this trench can be used for cables that are installed from i to j, or, on the
reverse direction from j to i. That is, it is assumed that if (i, j) ∈ E is satisfied for i 6= j, then ( j, i) ∈ E
does hold, too. Moreover, in terms of distance, the direction of the cable in the trench does not matter, that
is, it is assumed that di j = d ji holds for all (i, j) ∈ E. For the MC-CTP, a fixed number of K commodities,
or, cable types, shall be enabled. Cost parameters are assumed to be cable-type dependent. The cost for
cable is proportional to the cable length and is for each k = 1, . . . ,K denoted by γk ≥ 0 per unit of length.
Similarly, the trenching costs are also proportional to the length of the trench and for each k = 1, . . . ,K,
τk ≥ 0 denotes the per unit trenching costs.
Moreover, it is assumed that by using trenches jointly together with other cable types, the trenching costs
can be reduced. Thus, we have 0≤ δ ≤ 1 as the trenching cost reduction factor that applies if a trench is
shared. Note that δ does not depend on the particular cable types to be joined. Finally, different nodes
may request different cable types. That is, for each node i ∈V \{1} and for each cable type k a parameter
aki is defined that equals 1 if node i needs to be served with cable type k and zero otherwise. Moreover, for
each k = 1, . . . ,K, let αk = ∑i∈V\{1} aki be the number of nodes that require cable type k.
A mixed integer linear program (MILP) for the CTP has been provided by Vasko et al. (2002). Subse-
quently, this model is used as basis for an extension to multi-commodity versions. Note that also Marianov
et al. (2012) uses multi-commodity flows for modeling the p-CTP. However, in their approach, the
multi-commodity flow is used as technique to enable more than one facility, i.e., each commodity refers
to a different facility but not to a different cable type. Differing from their approach, the multi-commodity
flow presented next refers to different kinds of product, e.g., different cable types in the trenching problem.
The following variables will be required for the formulation. For each edge (i, j) ∈ E and each commodity
k = 1, . . . ,K we have xki j ∈ N0 giving the number of cables of type k that are installed on edge (i, j).
Moreover, for each (i, j) ∈ E, i < j if there is a cable of type k, which is using edges (i, j) or ( j, i) we get
yki j = 1 and y
k
i j = 0 otherwise. We say that a trench is requested for cable type k on edge (i, j). Note that
we do not distinguish the direction of the cable when installing trenches and therefore, yki j is defined only
for i < j. Finally, for each edge (i, j) ∈ E, i < j and each cable type k, if k requests a cable on (i, j), and,
in addition, if there are other cable types k¯ 6= k that request a trench on edge (i, j), too, then we get wki j = 1
and wki j = 0 otherwise. Next, (MC-CTP) is proposed, a MILP formulation of the MC-CTP.
min
K
∑
k=1
∑
(i, j)∈E
γkdi jxki j +
K
∑
k=1
∑
(i, j)∈E:
i< j
τkdi j
(
yki j−δwki j
)
(1)
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subject to
∑
j∈V :(1, j)∈E
xki j = α
k k = 1, . . . ,K (2)
∑
j∈V :(i, j)∈E
xki j− ∑
j∈V :( j,i)∈E
xkji =−aki i 6= 1,k = 1, . . . ,K (3)
αkyki j ≥ xki j + xkji i ∈V, j > i : (i, j) ∈ E,k = 1, . . . ,K (4)
yki j ≤ xki j + xkji i ∈V, j > i : (i, j) ∈ E,k = 1, . . . ,K (5)
wki j ≤ ∑¯
k 6=k
yk¯i j i ∈V, j > i,k = 1, . . . ,K (6)
wki j ≤ yki j i ∈V, j > i,k = 1, . . . ,K (7)
xki j ∈ N0 (i, j) ∈ E,k = 1, . . . ,K (8)
yki j,w
k
i j ∈ {0,1} (i, j) ∈ E : i < j,k = 1, . . . ,K (9)
The objective function (1) summarizes the cost for cable and for trenching by considering a cost reduction
if trenches are used jointly with other cables. More detailed, for wki j = 0, the full trenching costs are
charged. On the other hand, for wki j = 1, by definition also y
k
i j = 1 has to hold and the second term of (1)
reduces to ∑Kk=1∑ (i, j)∈E:
i< j
τk(1−δ )di j. That is, the per unit trenching costs τk are reduced by factor δ . Note
that the trenching costs are computed only for (i, j) that fulfill i < j, i.e., independent from the direction of
the cable itself. This is feasible as we have di j = d ji for all (i, j) ∈ E by assumption. Constraints (2) make
sure that for each commodity k, there are αk cables leaving the source node 1. Constraints (3) ensure that
at each node i, exactly one cable of commodity k is terminating if required by aki = 1. Otherwise, no cable
is terminating in i. Constraints (4) ensure that a trench is prepared on edge (i, j) if requested by a cable
of type k installed on edge (i, j) or ( j, i). Note that the number of cables of type k that one trench may
contain is bounded above by αk. On the other hand constraints (5) make sure that a trench of type k is
requested on edge (i, j) (i.e., yki j = 1) only if there are actually cables of that type installed (i.e., x
k
i j > 0
or xkji > 0). Thus, constraints (5) prevent that a trenches is “artificially” requested in order to enable a
positive wki j for some different cable type k together with a cost reduction by δ . Note that constraints (4)
and (5) rely on the fact that by assumption ( j, i) is in E if (i, j) is in E. Finally, constraints (6) and (7)
make sure that wki j will be zero if one of the following events occur. First, if there are no other cable types
k¯ 6= k that request a cable on (i, j), i.e., if ∑k¯ 6=k yk¯i j = 0. Second, if cable type k requests no cable on (i, j),
i.e., if yki j = 0. On the other hand, for positive δ , if wki j is not forced to be zero by (6) or (7), i.e., if a cost
reduction applies, then wki j will equal one in an optimal solution, as w
k
i j contributes within a negative term
in the objective function.
The mathematical model is enhanced in Section 4 by adding valid inequalities to improve the LP-relaxation.
Moreover, in Section 5 a detailed numerical study is carried out.
3 Complexity and solution properties
The CTP combines the problems of finding an MST and an SPT within a unified approach. It is known
that an MST can be found in polynomial time, e.g., by applying Kruskal’s algorithm. In addition an
SPT can be found in polynomial time, too, e.g., by Dijkstra’s algorithm. The CTP however, is proven to
be NP-hard (Vasko et al., 2002). Based on this result, the NP-hardness of the MC-CTP can be derived.
Assume that the MC-CTP is in P. But then, any instance of the CTP can by solved in polynomial time
as it can be transferred in polynomial time to an MC-CTP instance by setting K = 1 and a1i = 1 for all
i ∈V \{1}. This is a contradiction and the NP-hardness of the MC-CTP follows.
Next, the relation of the MC-CTP to the Steiner Tree Problem (STP) is illustrated. In the STP, a subset
of demand nodes in a graph is to be connected through a tree. This tree is allowed to contain nodes not
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included in the set of demand nodes, the Steiner nodes. Similarly, when considering a cable type k in the
MC-CTP, dependent on aki , only a subset of nodes in graph G need to have access to cable type k. To
understand this relation, consider the case of having a zero trenching cost reduction factor δ = 0. It will
be illustrated next that for this case, the MC-CTP can be decomposed into k subproblems. Consider the
linear programming formulation (MC-CTP). For δ = 0 the objective function (1) simplifies to
K
∑
k=1
 ∑
(i, j)∈E
γkdi jxki j + ∑
(i, j)∈E:
i< j
τkdi jyki j
 . (10)
Moreover, variable class w, which ensures the calculation of the cost reduction, is not relevant anymore
and can be neglected. Only Constraints (6) aggregate variables belonging to different k-values. However,
as w is neglected, Constraints (6), as well as Constraints (7) are obsolete and can be neglected, too. Thus,
the constraints can be separated in groups of identical k-values forming independent submatrices without
any overlap. Moreover, the objective function (10) consists of k terms which contain only variables of the
corresponding k-value. As a consequence, it is possible to decompose the MC-CTP into k subproblems. A
kth subproblem is given as (MC-CTPk) in the following.
min ∑
(i, j)∈E
γkdi jxki j + ∑
(i, j)∈E:
i< j
τkdi jyki j (11)
subject to
∑
j∈V :(1, j)∈E
xki j = α
k (12)
∑
j∈V :(i, j)∈E
xki j− ∑
j∈V :( j,i)∈E
xkji =−aki i 6= 1 (13)
αkyki j ≥ xki j + xkji i ∈V, j > i : (i, j) ∈ E (14)
xki j ∈ N0 (i, j) ∈ E (15)
yki j ∈ {0,1} (i, j) ∈ E : i < j (16)
Note that also Constraints (5) of the (MC-CTP) are obsolete in the kth subproblem, because variables yki j
will be set to zero if possible due to their positive contribution in the objective function. That is, without
the possibility of having a discount for the joint use of trenches, there is no need to prevent variables yki j
from being set “artificially” to value one.
Although these subproblems consider only a single commodity each, they are not identical to the CTP as
defined by Vasko et al. (2002), as there it is assumed that each node is requesting a cable. Different to that,
in a kth subproblem only nodes i with aki = 1 need to be connected by a cable of type k. If cable costs are
neglected, i.e., if γk = 0 is given, then the kth subproblem is an STP. As a consequence, the NP-hardness
of the kth subproblem (MC-CTPk) follows from the NP-hardness of the STP in graphs (Karp, 1972) and
can be proven analogously to the NP-hardness result of the MC-CTP.
An important observation regarding the MC-CPT is presented in the next examples. There are problem
instances for the MC-CTP for which optimal solutions are no trees, even if τk > 0 holds for k = 1, . . . ,K.
This is in contrast to the CTP where non-tree solutions can only appear if a pure shortest-path-tree is
computed, i.e., if the impact of trenching is zero by setting τ = 0. This property is not carrying over
to the multi-commodity version. In the MC-CTP, rings may appear as part of an optimal solution even
if commodity-independent cost parameter γk = γ and τk = τ are considered for all k = 1, . . . ,K, see
Example 1 for illustration. Second, also for the case of having identical node profiles, i.e., when each node
requests the full set of cable types, rings may appear in optimal solutions, see, Example 2.
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Example 1. Consider an MC-CTP instance with n = 6 nodes and K = 2 different cable types. The graph
is depicted in Figure 1 and contains 12 (directed) edges with distances d12 = d23 = d34 = d46 = 3, and
d15 = d56 = 5. Recall that di j = d ji is assumed by definition of the MC-CTP. Moreover, nodes 2,3, and 4
need to be served only by cable type 1, i.e., a12 = a
1
3 = a
1
4 = 1 and a
2
2 = a
2
3 = a
2
4 = 0. Node 5 is served only
by cable type 2, i.e., a15 = 1, and a
2
5 = 0. Finally, node 6 is served by both cable types, i.e., a
1
6 = a
2
6 = 1.
The trenching cost reduction factor is given as δ = 0.2. Moreover, the costs for cable and trenching are
independent from the chosen commodity and γ1 = γ2 = 0.5 and τ1 = τ2 = 0.5 does hold.
1
2
6
5 [1; 1]
3 4
5
5
3[1; 0]
[0; 1]
33
3
[1; 0]
[1; 0]
j
[a1j ; a
2
j ]
i
dij
Figure 1. Instance Example 1.
1
2
6
(0, 2)
3 4
5
(x1ij ;x
2
ij)
(y1ij ; y
2
ij)
i j
(0, 1)
(0, 1)
(0, 1)
(1, 0)
(4, 0)
(3, 0) (2, 0)
(1, 0)
(1, 0) (1, 0)
(1, 0)
Figure 2. Example 1: Optimal solution.
An optimal solution for this instance is depicted in Figure 2. All positive values of variable classes x and y
are given according to the legend. Variables that value zero are dismissed in order to keep the illustration
clear. In this solution, cable type 1 is installed on edges (1,2),(2,3),(3,4) and (4,6) to serve nodes 2,3,4,
and 6. Cable type 2 is installed on edges (1,5), and (5,6) and serves nodes 5 and 6. The trenches of this
solution form a ring, i.e., the solution is no tree. The solution has total costs of 33.5 which includes the
cable costs for cable type 1, computed as γ1(x112d12 + x123d23 + x134d34 + x146d46) = 0.5(4 · 3+ 3 · 3+ 2 ·
3+1 ·3) = 15 and the cable costs for cable type 2, namely γ2(x215d15 + x256d56) = 0.5(2 ·5+1 ·5) = 7.5.
Moreover, the trenching costs for cable types 1 and 2 are τ1(d12 +d23 +d34 +d46) = 0.5 ·4 ·3 = 6 and
τ2(d15 +d56) = 0.5 ·2 ·5 = 5.
The next example illustrates that rings may also appear even if each node i 6= 1 needs to be served by all
cable types.
Example 2. This example is based on Example 1 in Vasko et al. (2002) and extended to the multi-
commodity case. Consider an MC-CTP instance with n = 4 nodes and K = 2 cable types. The graph is
depicted in Figure 3 and contains ten (directed) edges with distances d12 = 16, d13 = 12, d32 = 8, d34 = 4,
and d42 = 7. Moreover, all nodes i 6= 1 need to be served by cable types 1 and 2, i.e., aki = 1 for k = 1,2
and i = 2,3,4 does hold. The trenching cost reduction factor is given as δ = 0.1 and the remaining cost
parameters are γ1 = 0.8, τ1 = 0.2, γ2 = 0.2, τ2 = 0.8. That is, cable costs have a high impact on total
costs of cable type 1, whereas the total costs of cable type 2 are mainly dependent on the trenching
expenses.
For this instance an optimal solution is illustrated in Figure 4. In this solution, cable type 1 is installed on
edges (1,2),(1,3) and (3,4). Cable type 2 is installed on edges (1,3),(3,4), and (4,2). The trenches of
this solution form a ring, i.e., the solution is no tree. Note that variable class y is only defined for i< j. That
is, regarding cable type 2 on edge (4,2), i.e., x242 = 1, a trenching request is considered on the backward
edge (2,4) and therefore one has y242 = 0 and y
2
24 = 1. The backward edge (2,4) is included in Figure 4, but
printed in dashed style as the solution does not contain a cable on this edge. The solution has total costs of
68.6, including cable costs for cable type 1, which are 0.8(16+2 ·12+4) = 35.2 and cable type 2, namely
0.2(3 ·12+2 ·4+7) = 10.2. Trenching costs for cable type 1 are 0.2(16+(12+4)(1−0.1)) = 6.08 and
for cable type 2 computed as 0.8((12+4)(1−0.1)+7) = 17.12.
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1
2
16
4
8
7
3
12
4
ji
dij
Figure 3. Instance Example 2.
1
2
3
4
(x1ij ;x
2
ij)
(y1ij ; y
2
ij)
i j
(1, 0)
(1, 0)
(2, 3)
(1, 1)
(1, 2)
(1, 1)
(0, 1)
(0, 0)
(0, 1)
(0, 0)
Figure 4. Example 2: Optimal solution.
4 Strengthening the Formulation
As shown in Section 3, the MC-CTP is NP-hard. Thus, it is expected that the computational effort for
solving the MC-CTP grows exponentially. One option to improve the computational behavior when using
mathematical programming approaches is to detect and add valid inequalities. An inequality is valid for a
set of feasible solutions if it is satisfied by every point in the set.
Lemma 1. Consider the following inequalities.
∑
j∈V :( j,i)∈E, j<i
ykji + ∑
j∈V :( j,i)∈E, j>i
yki j ≥ aki i 6= 1,k = 1, . . . ,K . (17)
The inequalities given in (17) are valid for the (MC-CTP).
Proof. By definition, the parameter aki is in {0,1}. Consider a particular k = 1, . . . ,K and a particular
i 6= 1. Distinguish the two cases: Case 1: aki = 0. As we have yki j ∈ {0,1} it directly follows that (17) is
satisfied for all feasible solutions of the MC-CTP.
Case 2: aki = 1. It holds that x
k
i j ≥ 0. Thus, by constraint (3) it follows that for node i, the number of
incoming cables has to be positive, i.e., ∑ j∈V :( j,i)∈E xkji > 0 has to hold. That is, there is a particular p for
that xkpi > 0 is satisfied. If p < i holds, then by constraint (4) it follows y
k
pi > 0. On the other hand, for
p > i we have ykip > 0 by constraint (4). By integrality of variables y
k
i j, inequality (17) is satisfied.
Next, it is illustrated by Example 3 that inequalities of type (17) cut of fractional solutions. A numerical
study presented in Section 5 demonstrates the impact of the valid inequalities on instances with 41 nodes.
Example 3. Consider the MC-CTP instance given in Example 2 including two cable types k ∈ {1,2}.
The LP-relaxation without the valid inequality (17) delivers the (fractional) solution depicted in Figure 5
with an objective function value of 57.2. In Figure 5, all positive values for variable classes x and y are
1
2
(1; 1)
3
( 1
3
; 1
3
)
(2; 2)
( 2
3
; 2
3
)
(1; 1)
( 1
3
; 1
3
)
4
(x1ij ;x
2
ij)
(y1ij ; y
2
ij)
i j
Figure 5. LP-relaxation without valid inequality.
1
2
(1; 1.5)
3
(x1ij ;x
2
ij)
(y1ij ; y
2
ij)
(1; 0.5)
(2; 1.5)
( 2
3
; 0.5)
(1; 0.5)
(1; 0.5)
i j
(0; 0.5)
(0; 0.5)
4
Figure 6. LP-relaxation with valid inequality.
given as illustrated in the legend. Clearly, this solution violates (17). For instance, consider node 2 where
a12 = a
2
2 = 1 holds, but also y
1
12 + y
1
23 + y
1
24 = y
2
12 + y
2
23 + y
2
24 = 1/3.
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The optimal solution of the LP-relaxation if the valid inequalities (17) are added is given in Figure 6. For
instance, consider node 2 in Figure 6, for which y112 + y
1
23 + y
1
24 = y
2
12 + y
2
23 + y
2
24 = 1 holds. That is, (17)
is satisfied. This solution has an objective function value of 64.3. The integrality gap with respect to the
optimal solution value of the integer problem, see, Example 2, is given as 68.6/64.3 = 1.07. Thus, the
LP-relaxation including valid inequalities (17) improves the results obtained from the LP-relaxation not
using (17) which delivered a lower bound of 57.2 and an integrality gap of 68.6/57.2 = 1.20.
The result obtained for the MC-CTP can be transferred to the kth subproblem (MC-CTPk). Similar to the
proof of Lemma 1 it can be shown that
∑
j∈V :( j,i)∈E, j<i
ykji + ∑
j∈V :( j,i)∈E, j>i
yki j ≥ aki i 6= 1 (18)
is a valid inequality for the (MC-CTPk).
5 Numerical Study
The numerical study is twofold. First, the impact of the valid inequalities (17) regarding the computational
effort is studied by comparing running times and integrality gaps for different instance sets. Second, it is
analyzed to which extent the trenching cost reduction factor δ triggers joint activities and whether effects
on costs can be measured.
The test instances are based on benchmark data for the Capacitated Minimal Spanning Tree Problem by
Gouveia, 1993. In particular, the instances tc40-*.txt contain 41 nodes including a central depot node and
are available online (OR-Library). To meet the requirements of the MC-CTP, commodities need to be
added. For the subsequently presented tests, instances with two, three, and four cable types are designed.
Moreover, parameters γk, τk, and αk are fixed according to Table 1. To study the impact of the trenching
cost reduction factor δ , its value is ranging from δ = 0.0 to δ = 1.0 with a step size of 0.1. The value
δ = 1.0 represents full cost compensation by joining trenches and may play no role for real scenarios.
Nevertheless, it is included into the investigation in order to understand the behavior of the model. There
K γ1 γ2 γ3 γ4 τ1 τ2 τ3 τ4 α1 α2 α3 α4
2 0.8 0.2 - - 0.2 0.8 - - 20 20 - -
3 0.8 0.5 0.2 - 0.2 0.5 0.8 - 13 13 14 -
4 0.8 0.6 0.4 0.2 0.2 0.4 0.6 0.8 10 10 10 10
Table 1. Parameter setting for different number of cable types.
are five instances of type tc40-*.txt available, such that by varying δ , one obtains 55 instances per each
value of K and thus a total of 165 instances. The experiments have been carried out on an Linux Server
with Intel Xeon Processor X5570 and 32 GB using IBM ILOG CPLEX 12.6.
Figures 7 and 8 illustrate the improvement obtained by adding the valid inequalities (17) to the (MC-CTP).
Figure 7 provides information on the relative increase of the LP-relaxation’s objective function value
when (17) are added. More detailed, if for a given instance, zLP and zV ILP are the objective function values
of the LP-relaxation excluding and including valid inequalities (17), respectively, then the relative increase
∆zLP of the LP-relaxation’s objective function value is computed as ∆zLP = (zV ILP− zLP)/zLP. The box plots
in Figure 7 provide ∆zLP aggregated with respect to different values of K, as well as for the full set of
instances. The smallest value of ∆zLP reported in Figure 7 is 0.045, i.e., for every instance, the objective
function value of the LP-relaxation increases. The experiments report an average value of 0.176 for ∆zLP .
Hence, the integrality gap and consequently, the quality of the LP-relaxation is improving by adding the
valid inequalities.
If z∗ is the optimal objective function value, the integrality gaps are computed as z∗/zLP, or z∗/zV ILP,
respectively. Note that from a total of 165 instances, seven have not been solved to optimality within the
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Figure 7. Rel. incr. LP ∆zLP .
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Figure 8. Integrality gap excluding/including VI.
global time limit of 18,000 seconds (neither including nor excluding the valid inequalities). The remaining
gap reported by the CPLEX solver was on average 0.43% for these instances. For these cases, the best
solution found has been used to compute the integrality gaps. Figure 8 reports aggregated values for the
integrality gap of (MC-CTP) when (17) is excluded (K = 2,K = 3,K = 4, All) or included (VI). In total,
by adding the valid inequalities, the integrality gap is reduced from average 1.363 to average 1.157. To
verify significance, a two-tailed, paired t-test has been carried out on all instances as well as separated
for the different values of K. For each case, the reduction of the averages is proved to be significant
(α = 0.01). The box plots in Figure 8 illustrate the improvement of the integrality gaps.
Thus, analyzing the LP-relaxation, the valid inequalities clearly improve the outcome. However, the
positive effect is not carrying over to the computational time in general. Including (excluding) the valid
inequalities, 4.85% (5.45%) of the instances have not been solved within the time limit. To have a
fair comparison, statistical measures are computed with respect to instances that have been solved to
optimality for both options, including and excluding the valid inequalities. Figure 9 gives an overview on
computational times in seconds if the valid inequalities are excluded or included (VI). The results are
given for all instances and separated for different values of K. Although the average computational time
0 2000 4000 6000 8000 10000 12000 14000
K=2
K=3
K=4
All
K=2HVIL
K=3HVIL
K=4HVIL
AllHVIL
Figure 9. Computational times (sec.) excluding/including VI.
(for all K) is reduced from 951 to 845 seconds, Figure 9 provides no clear information on a potential
improvement in computational time. To check whether the decrease of average values is significant, a
one-tailed, paired t-test has been carried out for the full set of instances as well as for K = 2, K = 3, and
K = 4. As a result, no significant improvement of the average computational times has been detected.
Next, results are presented separated for different values of δ to study the impact on the integrality gap
and the outcome of the LP-relaxation. Figure 10 gives the values of ∆zLP (Rel. incr. LP) and the integrality
gap excluding/including VI (IntGap excl. VI, IntGap incl. VI), separated for different values of δ . It can
be observed that for increasing δ , the integrality gap decreases for both variants, excluding and including
the valid inequalities (17). Thus, an increased δ improves the quality of the LP-relaxation. With respect to
computational time, this observation can not be transferred. Computational time has been observed to
increase or decrease for increasing δ , i.e., no clear conclusion is derived. As a second aspect, Figure 10
reveals that the relative increase ∆zLP of the LP-relaxation’s objective function value is getting smaller for
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Figure 10. Integrality gaps and relative increase of LP-relaxation’s objective function.
increasing δ . That is, the positive effect on the LP-relaxation’s outcome when adding the valid inequalities
is decreasing. One reason might be that for an increasing trenching cost reduction factor δ , there is a
higher incentive to increase the values of variables w, too, in order to exploit the cost reduction. However,
high values for w can only be reached through high values for y, due to constraint (7). On the other hand,
for high values of y, the violation of the valid inequalities (17) is likely to be smaller.
After verifying the positive effect of the valid inequalities on the LP-relaxation, next, optimal solutions
are analyzed. To understand to which extent the potential cost savings lead to joint activities on trenches,
the number of shared trenches as well as the costs are studied for varying δ . Table 2 gives in the
first main column the average values of the number of trenches used by cable type k, denoted as rk =
∑i< j:(i, j)∈E∨( j,i)∈E yki j. The second main columns reports for cable type k the number of trenches jointly
used with other cables types, given as r¯k = ∑i< j:(i, j)∈E∨( j,i)∈E wki j. Recall that γk decreases, whereas τk
increases with increasing k, see, Table 1. Table 2 illustrates that for increasing per unit trenching costs, by
tendency the number of used trenches is decreasing whereas the number of shared trenches is increasing.
To provide a more detailed insight in this effect, results are given next, separated for varying values of δ .
rk (Avg.) r¯k (Avg.)
k = 1 k = 2 k = 3 k = 4 k = 1 k = 2 k = 3 k = 4
K = 2 29.0 25.5 - - 13.7 13.7 - -
K = 3 20.2 21.6 18.9 - 11.6 12.0 13.2 -
K = 4 16.5 16.0 16.2 15.6 9.1 10.0 11.4 11.0
Table 2. Average number of trenches and shared trenches.
Figure 11 provides p(k) = r¯k/rk, the relative number of shared trenches for cable types k. Moreover, on
the secondary axis, for each k, t(k) denotes the absolute values of the trenching costs.
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Figure 11. Shared trenches vs. total trenching costs.
For instance, for a trenching cost reduction factor of δ = 0.5, as indicated by the results of Tahon et al.,
2011, and, assuming to have three actors, average trench sharing between 60% and 70% is reported in
Figure 11 for K = 3. This result is with respect to selected parameters, see Table 1, which might be adapted
in real scenarios. Generally, it can be observed that for the single cable types, trench sharing varies from
0% to 100%. Moreover, independent from the number of cable types K, for an increasing trenching cost
reduction factor δ , by tendency an increase of trench sharing is observed. The same time, trenching costs
are decreasing for increasing δ . At an average, the relative number of shared trenches is higher for large
τk, i.e., if trenching is expensive. However, for very large values of δ , particular cable types (k = 2 for
case K = 3, and k = 3 for case K = 4) jump to 100% shared trenches and thus reduce the trenching costs
more rapid than other cable types k (even with larger τk). To understand this effect, for K = 4, two more
instance sets (55 instances per set) are generated by keeping either γ or τ fixed for the different cable types
k and varying the other. Figure 12 gives the results for uniform per unit cable costs γk = 0.5, k = 1, . . . ,4
and increasing per unit trenching costs τ1 = 0.2,τ2 = 0.4,τ3 = 0.6,τ2 = 0.8. On the other hand, Figure 13
illustrates the outcome for increasing per unit cable costs γ1 = 0.2,γ2 = 0.4,γ3 = 0.6,γ2 = 0.8 and
uniform per unit trenching costs τk = 0.5, k = 1, . . . ,4. Note that the scale of the secondary axis (absolute
trenching costs) is different for both figures.
If only the trenching costs are varying (Figure 12) then the cable type with maximal per unit trenching
costs, i.e., k = 4, has for all values of δ , except for δ = 0.1, a highest relative number of shared trenches.
On the other hand, if the per unit trenching costs τ are fixed and the per unit cable costs γ are varied
(Figure 13) the relative number of shared trenches does not differ much for different cable types. That is,
in this experiments, the per unit trenching costs τk have much more influence on sharing of trenches than
the per unit cable costs γk. A second observation can be taken for δ = 1.0 and K = 4 where cable types
k = 2,k = 3, and k = 4 reach 100% shared trenches. Only the cable type with minimal per unit cable
costs, k = 1, is sharing 87% of its trenches. On the other hand, for k = 1, a strong increase of cable costs
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Figure 13. Shared trenches vs. costs, incr. γ .
can be observed (see Figure 14, right-hand side). Thus, in this example, for very high values of δ , large
cable (and trench) distances are accepted for the cable type with ‘cheapest’ per unit cable costs in order to
enable full trench sharing for the remaining cable types.
Considering again the results for K = 4 in Figure 11, the two described effects are overlapping as the cable
type with smallest per unit cable costs, k = 4, is the same time that one with largest per unit trenching
costs. Thus, similar to Figure 13, it is the cable type with smallest per unit cable costs, k = 4, that has
increased cable costs (and distances) and enables 100% trench sharing for k = 3. That is, as smallest per
unit cable costs and largest per unit trenching costs coincide in this example, it is now the cable type with
the second highest per unit trenching costs that has the highest relative trench sharing p(k).
Finally, cable costs are provided in Figure 14 for the three instance sets with K = 4 cable types. The
cost levels for different cable types k reflect the height of the per unit cable costs γk. Considering total
costs, cable costs on average do not increase drastically, even if trench sharing grows. That is, the distance
covered by cable is not increasing strongly. Consequently, trenching cost savings are possible, and can be
triggered by increasing δ , without a large growth of cable costs. This aspect motivates a multi-criteria
analysis of trenching and cable costs and includes an analysis of the Pareto-front to understand how
sensitive cable (and trenching) costs are with respect to changes of the other cost component.
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Figure 14. Cable costs.
6 Conclusion
The multi-commodity version of the cable trench problem allows to model joint activities of different
network operators regarding the installation of infrastructure. A coordination of trenching activities for
different utility networks (e.g., water, electricity, fiber) when building a network allows to reduce costs,
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which is of particular interest for the telecommunication industry, where the rollout of FTTH could benefit
from a collaboration with community authorities. In this work, the MC-CTP is modeled as a MILP that
includes cable and trenching costs as well as the option to reduce trenching costs for joining activities.
The relation to the STP is illustrated as well as the fact that optimal solutions to the MC-CTP might
contain rings. As the problem is NP-hard, a valid inequality approach is developed in order to enhance
the quality of the LP-relaxation. The impact of the valid inequalities is illustrated by a numerical study
including instances with 41 nodes and up to four cable types. Within these experiments, the average
integrality gap is reduced significantly from 1.363 to 1.157 by adding the valid inequalities. Moreover, the
degree of trench sharing as well as the cost development is studied experimentally. For a realistic figure
of 50% cost reduction (Tahon et al., 2011), the results report a trench sharing degree between 50% and
80% (dependent on the number of cable types). These results illustrate the importance of designing cable
trenching through a multi-commodity approach.
For addressing larger networks and obtaining faster solution methods, the development of a heuristic
method for the MC-CTP is required. One option is to exploit the relation to the STP by including
corresponding methods. Second, as already pointed out earlier, a multi-objective version of the MC-CTP
would allow to compare different cost units. This is of interest for an application in public transport, as
travel times (e.g., on an installed line) play an important role there, however, are difficult to be compared
against monetary cost units, e.g., for installing the tracks. Moreover, a multi-objective analysis could give
insights on the sensitivity of the cost components. Finally, the presented optimization model follows a
centralized approach, i.e., minimizes the total costs generated in the cable trench problem. It is assumed
that such a global optimum can be established, neglecting that the stakeholders in this constellation are
independent companies that act on their own account and that will cooperate only if there is a benefit
for themselves. Clearly, the benefit is the cost reduction obtained by joining trenches. However, it is
not clear to which extent the actors are willing to follow the conditions of a system optimum where the
benefit of cost reduction might be not shared fair among the actors. In particular this will be an issue if
(cable) costs of a particular actor are increasing in order to enable a high degree of trench sharing for other
actors. Thus, it will be worthwhile to model cable trenching with different cable types as a cooperative or
non-cooperative multi-player approach and game-theoretic concepts should be applied with this regard.
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